Abstract-Practical distribution system contains many nodes and short branches. As a result, a more efficient and stable distribution state estimation (DSE) algorithm is needed to properly handle the inverse operation of its large-scale illconditioned information matrix. This paper proposed a two-stage DSE algorithm to transform the inverse operation into addition and multiplication operations in a recursive manner. It includes pseudo measurement preprocessing in the offline stage where an approximate linear estimator is adopted to relieve most of computation burdens, and real-time correction in the online stage where a nonlinear estimator is used to update the estimation. Numerical results of the method applied to both IEEE standard test systems and an actual distribution system show the accuracy and effectiveness of the proposed algorithm.
INTRODUCTION
To ensure distribution system reliability and security, monitoring and control of the active system relies on a centralized intelligent distribution management system (DMS). As a fundamental DMS function, the estimated system states produced by the DSE are essential and used as inputs for other functions, e.g., contingency analysis, optimal power flow, economic dispatch, etc. However, the efficiency and numerical stability of DSE algorithms deteriorate with the increasing system size and the number of short branches. The convergence of the algorithm is difficult to guarantee, since the information matrix becomes large-scale, and ill-conditioned for producing an inverse.
Existing DSE algorithms can be classified into following categories based on the estimation models [1] , [2] . The weighted least square (WLS) based static state estimation, as the lead in terms of major interest, includes several choices in state variables, i.e., node voltage [3] and branch current [4] . The dynamic DSE algorithm models several snapshots with recursive equations to include generation dynamics and shortterm load forecasting [5] . In addition, there have been attempts to address the sparsity of available measurements as investigated in [6] and [7] using compressive sensing and nullspace analysis, respectively. However, the complexity and scalability of practical systems requires a more accurate and efficient scheme [8] to address its main features. These include: (1) the three-phase unbalanced characteristic [9] , ( 2) The lack of real time measurements, and (3) the large system size. These features bring up great challenges on the computational efficiency and numerical stability. Different algorithms are proposed to consider one or several aspects of these features. A noniterative scheme is designed in [10] by linearizing the pseudo measurements in polar coordinates and assigning the angle to the voltage magnitude measurements. The method is based on the assumption that low voltage drop and small angle deviation are present in distribution systems. These assumptions are also used in power flow analysis [11] . The DSE algorithm with complex Gaussian distribution is proposed in [12] to calculate the mean value and standard deviation for a function using the first two terms of the Taylor expansion. The multilevel state estimation paradigm is established in [13] with defined intermediate variables to transform the nonlinearity of measurement equations into linear forms. These efforts mainly rely on the linearization or variable transformation, but several types of measurements do not exhibit good linearity and introducing intermediate variables will increase the dimension of state variables. This paper proposed a fast and stable two-stage DSE algorithm to address the computation burden and the numerical stability issue caused by the inverse operation of the large scale ill-conditioned information matrix in conventional DSE algorithms. Compared with traditional approaches which compute the matrix inverse in each iteration, the proposed algorithm only calculates the inverse once. This greatly reduces the calculation time and the numerical issue. Since the pseudo measurements can be linearized with small enough error [14] and the real-time measurements are nonlinear, this paper offline solves a linear DSE using the pseudo measurements and online updates the estimation results by a nonlinear DSE. The advantage is the submatrix for pseudo measurements is constant. This property allows the utilization of the theorem in [15] , [16] to transform the inverse operation into addition and multiplication operations in a recursive manner starting from the inverse of a constant submatrix, which only requires onetime inverse operation.
The rest of the paper is organized as follows. In Section II, the conventional state estimation algorithm in power systems is briefly described. The two-stage DSE algorithm is proposed in Section III. The numerical results of testing the algorithm for a standard test system and an actual distribution system are given in Section IV. Section V concludes this paper.
II. CONVENTIONAL STATE ESTIMATION ALGORITHM IN POWER SYSTEMS
Assume a three-phase balanced N-bus system with bus one as reference bus, i.e., the voltage angle is known and normally assumed to be zero. The (2N-1 (1), where z is the measurement vector; h is the function vector; x is the state vector; and e is the measurement error vector.
Using the WLS of the residual vector as the criteria, the estimated system states are determined by solving the nonlinear quadratic optimization problem in (2a), where r is the residual vector; W is the weight vector; and σi is the standard deviation of the error. With linear measurement equations H, typically when the system is observable with PMU devices, the estimated state is directly obtained in (2b). When the measurement equations are nonlinear, the normal equations need to be solved using the iterative methods, e.g., Newton-Raphson method in (2c)-(2d), where ∆x is the increment of the state vector; is the Jacobian matrix at the state variable xk in the k th iteration. The Jacobian matrix can be directly obtained by the derivation of measurement equations of the state variables and are omitted due to space limitations. The information matrix is in (2e) and the inverse of which is the covariance matrix of state estimation.
In this section, the characteristics of DSE compared with conventional transmission state estimation are briefly discussed. Afterwards, the proposed two-stage DSE algorithm is described in detail.
A. Characteristics of State Estimation in Distribution Systems
Although the state estimation in transmission systems has mature techniques, the DSE has different characteristics, as summarized in Table I , and requires further investigation. Unbalanced phases. The conventional state estimation algorithm mainly deals with positive sequence or three-phase balanced system, where the three-phase component model is not necessary. However, many asymmetrical branches and unbalanced loads exist in practical distribution systems. To obtain more accurate results, the three-phase component models are needed to derive new measurement equations and Jacobian matrices.
High and similar r/x ratio and short branches. Due to the low/medium voltage levels and shorter branches, the r/x ratio in the distribution level is relatively high compared with that in the transmission level [17] . So, the speedup algorithms, e.g., decoupled technique, are not applicable. This feature makes the DSE calculation much slower, and the issue becomes worse when applied to practical large distribution systems since the large-scale information matrices are ill-conditioned and the Newton-Raphson method is slow to converge.
Limited real-time measurements. Unlike the redundant measurements in transmission systems, the real-time measurements in distribution systems are not enough to guarantee the system observability, and the conventional overdetermined assumptions can not be guaranteed only using real-time measurements. Typically, the DSE algorithm employs other available information for system observability, i.e., "pseudo measurements" (e.g., customer billing data or typical load profiles) and "virtual measurements" (e.g., zero voltage drops in closed switching devices). But the weights for the inaccurate pseudo measurements or precise actual measurements are significantly different. It might make the condition number of the information matrix even larger and cause numerical instability. Asymmetrical; High and similar r/x ratio and short branches.
Measurements
Redundant real-time measurements.
Limited real-time measurements; Pseudo and/or virtual measurements.
B. Two-Stage DSE Algorithm with Pseudo Measurement Preprocessing and Real-time Correction
In this subsection, the scheme of the two-stage DSE algorithm is proposed to coordinate the measurements of different accuracy and acquired at different times for fast and reliable purposes. For practical distribution power systems, the actual measurements are collected by the voltage sensors (|V|), current sensors (|I|) and/or line power flow sensors (Pij and Qij) from SCADA systems. The pseudo measurements (Pi and Qi) could be obtained from smart meters, load forecasting, customer billing data, or typical load profiles. When the actual measurements arrive, the common iterative DSE algorithm (2c)-(2d) processes the actual and pseudo measurements together. The original DSE model is in (3) with (4) used to update the state variables. The information matrix Gk is in (5), where z1 and z2 are the pseudo/actual measurement vectors, respectively. It is shown in (5) that the inverse of the information matrix needs to be updated online in each iteration, and it uses the information matrix of both pseudo and actual measurements, which takes up most of the computational time for the DSE algorithm. The original algorithm works well for small systems with a few short branches, but not for large systems. When applied to realistic distribution systems with many nodes and short sections, the information matrix is large-scale and illconditioned. The inverse operation is time-consuming and may cause numerical issues. Therefore, a more efficient algorithm to decouple different types of measurements is worth designing to relieve some burden to offline computation and avoid the inverse operation in the online computation stage. In this paper, a two stage DSE algorithm is proposed with a process flowchart shown in Fig. 1 . The basic idea of the two-stage state estimation is first explained as shown in (5)- (8) . Then, in the subsection III-B-1), the focus is the pseudo measurement preprocessing to obtain the 1 and 1 that are appeared in (8) . This process utilized the results of [14] . Then, the major computation burden of calculating − is handled in (15) and Fig. 2 in the subsection III-B-2).
The proposed algorithm and the original DSE algorithm are equivalent when pseudo measurement equations can be linearized. First, assume the pseudo measurement equations are linear [27] with detailed explanation in the following subsection, the original DSE model is changed to (6) and (7), which represent pseudo measurement preprocessing and realtime correction respectively. The state variables are updated in (8) and the information matrix is in (18) with recursive equation using operations of matrix addition and multiplication, which avoids the inverse of large-scale ill-conditioned matrix. Notation 1 is preprocessed state variables; 1 is the preprocessed measurement error vector.
∆ = − ( 1 ( 1 − ) + 2 2 ( 2 − 2 ( ))) (8)
When the measurement equations are nonlinear, the details for each procedure are discussed in the following with the state variables chosen as the Cartesian coordinates of node voltages.
1) Pseudo measurements preprocessing and error
propagation. Equation (9) is the nonlinear three-phase measurement equations for active and reactive power injection, where d and t are phases; B1 is the phase set connected with phase t.
Since the voltage drop in distribution systems is relatively small, typically within 0.1 p.u., the load flow approximation in [14] is very accurate (for example, the approximation error is less than 10 -4 in the IEEE 34-node system) compared with the conventional forward/backward sweep algorithm. The basic philosophy of the approximation is in (10)- (11) . Equation (10) is the Taylor series around zero, and (11) is the linear approximation when neglecting the higher order terms. The approximation error around zero is relatively small and deteriorates when △V becomes larger. The calculated error for V=0.8 p.u., i.e., △V=0.2 p.u., is around 5%. The model is summarized in (12) with the detailed description of the intermediate matrices A, B and C in [14] . Taking advantage of this property, the pseudo measurements are transferred to the state variables calculated offline by solving the power flow equations. The error propagation can also be analyzed using (13) , which quantifies the uncertainty of the processed state variables using the error of the pseudo measurements. It will serve as the weight for the processed state variables in the realtime correction procedure. (13) 2) Real-time correction with actual measurements. After the preprocessing, the information matrix in (8) is changed to (14) with the omission of the iteration subscript k, since the information matrix for the linear measurement equations does not change during each iteration. The benefit is that the first term inside the inverse operation, i.e. 1 , is constant and can be calculated offline. But the second term, i.e., 2 2 2 , keeps updating in each iteration, so that the inverse operation is still unavoidable during the iterative process.
Fortunately, the computational burden can be effectively reduced with the help of the recursive formula on the inverse of the sum of matrices [16] in (15)- (18), where M is the number of actual measurements. The detailed derivation could be found in [16] . Since the first term inside the inverse is constant, it only needs to calculate the inverse operation once regarding 1 −1 for pseudo measurements. For online use, the inverse of the information matrix is modified by each measurement Em with rank one, which represents each measurement contributing to the inverse of the information matrix following a recursive step. The procedure is in Fig. 2 , where the inverse of D1 is calculated once and modified into the inverse of Dm+1 only using the matrix multiplication and addition operations. The benefit of this recursive procedure is that it can avoid the inverse operation several times. For example, assume it takes seven iterations for state estimation to converge, the conventional algorithm will need seven times inverse operations. But using the proposed two-stage scheme, it only takes one operation of the matrix inverse. By doing this, the computational efficiency is higher, and the ill-conditioned problem in the information matrix is eliminated. 
C. Actual Measurement Equations and Jacobian Matrices in Three-phase Unbalanced Distribution System
The typical three-phase measurement equations, including the line power flow, the voltage magnitude and the current magnitude, are derived in this subsection.
1) Three-phase power flow measurement
The equations for power flow measurement and Jacobian matrices for active power are in (19a)-(19d). Since the Jacobian matrices can be obtained by the derivative of the measurement equations, those for reactive power are omitted due to the limited space. 
IV. NUMERICAL RESULTS
In this section, the IEEE 13-node system [18] and an actual distribution system [19] are selected to verify the performance of the proposed algorithm.
A. Algorithm performance on IEEE 13-node Distribution
System The proposed algorithm is tested on the IEEE 13-node system. The combo PQ measurements at line 650-632, and the voltage measurements at node 632, 671 and 684 are with ±0.3% error and the pseudo measurements at all nodes are within ±30% error. The estimated voltage phasor and the voltage deviation from nominal value are in shown Fig. 3 . The convergence of the state estimation with a threshold of 10 -6 is achieved in four iterations. 
B. Algorithm Performances for 299-node Actual Distribution System
The proposed algorithm is further tested on a 299-node actual unbalanced distribution system. About 30% of the lines are one-phase or two-phase. The assumption for the pseudo measurements is the same as that in the IEEE 13-node system. The actual voltage magnitude measurements are shown as red dots in Fig. 4 with the contour map of the voltage magnitude. The linearization error of the pseudo measurement is in Table  II for each phase. The error is calculated by the difference between the conventional forward/backward sweep method and the linearization method. The maximum error of voltage magnitude and angle are 5.67×10 -5 p.u. and 4.06×10 -5 rad respectively. Typically, the error will further decrease with a lower voltage drop and a more balanced system. The calculation time is reduced by 63.31% from 8.75s to 3.21s compared with conventional WLS based DSE algorithm, listed in Table III with the results on several other typical standard test distribution systems. It shows that the condition number of the information matrix is relatively large and the reciprocal condition number is close to zero, implying an ill-conditioned information matrix.
Since the calculation time of the DSE algorithm mainly relies on the pseudo inverse operation, the calculation time reduction is further tested on the large size random matrix operation to demonstrate the effectiveness when applying to the larger distribution systems. With a given system size, the matrix size is six times that of the system size since there are threephase complex state variables with real and imaginary parts. The time consumption for one state estimation run is given in Fig. 5 . It shows the calculation time of the conventional algorithm will greatly increase when applied to large systems and the proposed method can speed up the process more than five times for a system scale with around 500-node. This paper proposed a two-stage state estimation for threephase unbalanced distribution systems. The scheme of the proposed algorithm includes pseudo measurement preprocessing in the offline stage, and real-time correction in the online stage. During the online, a recursive procedure is designed to calculate the inverse of the sum of matrices. Numerical results for the application of the proposed state estimation algorithm to both standard test system and an actual distribution system show that the proposed algorithm can reduce the pseudo inverse operation of the ill-conditioned information matrix and provide a stable and faster estimation scheme for the practical distribution systems.
